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Several control charts for individual observations are compared. Traditional ones
are the well-known Shewhart individuals control charts based on moving ranges.
Alternative ones are non-parametric control charts based on empirical quantiles, on
kernel estimators, and on extreme-value theory. Their in-control and out-of-control
performance are studied by simulation combined with computation. It turns out
that the alternative control charts are not only quite robust against deviations from
normality but also perform reasonably well under normality of the observations.
The performance of the Empirical Quantile control chart is excellent for all
distributions considered, if the Phase I sample is sufficiently large. Copyright © 2003
John Wiley & Sons, Ltd.
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INTRODUCTION

ince Shewhart originated the concept of the control chart in the early 1920s, it has become a powerful tool
in statistical process control!. Shewhart-type control charts consist of a graph with time on the horizontal
axis and a control characteristic (individual measurements or statistics such as mean or range) on the
vertical axis. Control limits drawn provide easy checks on the stability of the process, that is, they signal the
presence of special causes. The charts are usually constructed using 20-30 initial samples of about five items
each, which in general are supposed to arise from purely random sampling. A treatment of statistical aspects of
control charts in this typical textbook situation was given by Does and Schriever?. Up-to-date books on statistical
process control also incorporating more advanced methods based on practice, are Wheeler®, Quesenberry®,
Does et al.”, and Montgomery®.
In practice, situations frequently arise that require a charting procedure for individual measurements.
Charting of individual observations has received extensive attention in the literature. In Roes e al.” and
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Reynolds and Stoumbos®? statistical aspects of charts of individual observations have been studied. Usually, the
underlying distribution function is assumed to be normal, for the evaluation of the statistical performance.
Nevertheless, there has always been some concern about this normality assumption. Especially when individual
measurements are used, the normality assumption is risky. In Borror e al.' an EWMA control chart is
designed that is robust to non-normality. In Stoumbos and Reynolds'! the effects of both non-normality and
autocorrelation on the performance of various individual control charts are studied. In a recent paper, Woodall
and Montgomery ' stated that

There would appear to be an increasing role for non-parametric methods, particularly as data
availability increases. Abundant data would cause the loss of power associated with non-parametric
methods to become less of an issue

(see also Stoumbos et al.'?). If large data sets are available, an attractive approach to parametric statistical
inference would be to first use these large data sets to study distributional form.

However, in the present paper, we consider the non-parametric situation for individual measurements in
which the underlying distribution function, denoted by F, is assumed to be unimodal, but otherwise unknown.
This means that we include distributions that have an increasing—decreasing density, such as the normal,
Student ¢, uniform, exponential, Laplace, and logistic distribution. It has been shown by Ion'# that for densities
with more than one mode, any Shewhart control chart for individual measurements is inappropriate, or at least
suboptimal.

In our comparison we will use the standard, essentially parametric Shewhart control chart with control limits
based on the average of the moving ranges of the individual measurements. The alternative control charts we
will compare are charts based on empirical quantiles, which are related to the bootstrap method, charts based
on kernel estimators, and charts based on extreme-value theory. The availability of modern computing power in
statistical process control enables one to apply these computationally intensive techniques from mathematical
statistics.

The ascertainment of the control limits is based on the observations obtained in the so-called Phase I,
in which the data are collected from the production process and parameters are estimated (cf. Woodall and
Montgomery'?). In the present article, we consider the monitoring phase which is usually called Phase II.
In most evaluations and comparisons of performance of control charts in Phase II, it is assumed, as noted
by Woodall and Montgomery'?, that the in-control parameters are known, which is not the case in practice.
For this reason, the statistical performance of the classical and newly proposed control charts will be studied by
simulating the average and standard deviation of the in-control and out-of-control run length in Phase II of the
control charts with the control limits determined by in-control observations from Phase I.

The use of all control charts was demonstrated by a real-life example from a printers assembling company in
the master thesis of Vermaat (2003). In Quesenberry'” it has been shown by simulation that in order to estimate
control limits for individual measurements sufficiently accurately, one needs rather large sample sizes like 300
observations and more. Our simulation results support this for all control charts considered.

It turns out that the control chart based on the average of the moving ranges is suboptimal compared with
the newly proposed control charts, except for independently, normally distributed random variables. However,
even under normality, the alternative charts have quite good performance, especially when a sufficient amount
of data are available. The control chart based on empirical quantiles is excellent for all distributions considered.

This paper is organized as follows. In the next section, the four control charts are defined. The results are
given of an extensive Monte Carlo study based on 10000 simulations for six different distributions and for
several Phase I sample sizes. This number of simulations turned out to be large enough for our simulation
method. Finally, conclusions are given.

DESCRIPTION OF THE CONTROL CHARTS
We will consider the usual control charts with a lower control limit (LCL) and an upper control limit (UCL).

This means that if the measurement value X is lower than LCL or higher than UCL, then the process is called
out of control.
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A COMPARISON OF SHEWHART INDIVIDUALS CONTROL CHARTS 339

Classical individuals control chart based on the average of the moving ranges

If the distribution function F' is assumed to be normal, then the traditional Shewhart individuals control chart
has limits defined by

-1 o
UCL = ju + @ (1—5)0
and

LCL=p + &~ (%) o

where ® ! is the standard normal quantile function, and where u is the mean and o is the standard deviation of
the normal distribution function F'. Level « is the false alarm rate. Typically, u and o are unknown. However, we
shall assume that they can be estimated via a Phase I sample X1, X», ..., Xi of independently and identically
distributed random variables. Classical estimators of x and o are the sample mean X = Zle X;/k and the

sample standard deviation Sy = \/ Zle Xi—X k)2 /(k — 1). The sample standard deviation is asymptotically
efficient for independently and identically distributed normal random variables, but it has the disadvantage that
it is sensitive to trends and oscillations. Consequently, when such phenomena might occur, we have to use
estimators of the standard deviation that are less sensitive to these deviations, cf. Kamat'®. The average of the
moving ranges can be scaled by 2/,/7 to obtain such an estimator, and is defined by

_ 1 &
MR = — Xi — Xi—
k k_llgz:l i i 1|

In Duncan'’ the individuals control chart is mentioned with control limits based on the average of the moving
ranges (AMR) defined by

UCLAMR = }_fk + ¢! (1 — %) %ﬁmk

and

LCLAMR = )_(k + o! (%) %W;{

In practice, this AMR control chart is the standard chart for individual observations. The reasons for this are,
first, the constant by which the average of the moving ranges has to be multiplied in order to obtain an unbiased
estimator of o is quite similar for probability distributions having density curves of very different shapes,
cf. Burr'®. Second, the AMR control chart tends to perform reasonably well for moderate Phase I sample
sizes more or less independently of the probability distribution the observations stem from. This is thoroughly
studied in chapter five of Wheeler>. In this paper we compare the performance of the AMR control chart to three
competitors.

A more exact version of the individuals control chart is developed in Roes ez al.”. However, due to limitations
in the size of this paper we will restrict our attention to the control chart described above.

Empirical quantile control chart (bootstrap)

A natural estimator of the g-quantile of the distribution function F is the empirical quantile F k_l (g), which is
defined as

E- N (g) =inflx | Fe(x)>¢q), O0<g<l
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where ﬁk is the empirical distribution function that puts mass 1/k at each X;, 1 <i <k, i.e.
. 1 &
Fir(x)= X Z Iix;<x), —00<x<00

with / the indicator function, i.e. J{x<y} =1 if x <y holds and 0 otherwise. Now, an obvious estimator of the
upper control limit is based on the empirical quantile (EQ)

~ o
UCLgq = £y ! (1 - 5) = X([(1—a/2)k])

with X (1) < X(2) < -+ < X denoting the order statistics of the initial sample X1, X2, ..., Xi and [y] the
smallest integer not smaller than y. The lower control limit estimated by the empirical quantile is defined by

LCLEQ = X([(a/2)k+1))

where | y] denotes the largest integer not larger than y. The exceedance probability for this estimation method
is not always smaller than «. To be more specific:

P(X > UCLgq or X < LCLgq) = Me@_ o 2_0‘}

K+ 1 P R

To overcome this problem another estimation method is proposed in Ion'#, which guarantees that the exceedance
probability equals at most the significance level «. However, the resulting alternative does not have a better
performance than the EQ control chart for shifts in the mean. Therefore, we will not consider this alternative.
It can be shown that the EQ control chart is a special case of the bootstrap control chart defined by
Willemain and Runger'®. The philosophy of the bootstrap approach to statistical problems is to replace the
unknown distribution function F of a random variable X by an empirical distribution function. In control charts
for individual observations one would like to use the UCLgg = F ~1(1 — «/2). Consequently, the bootstrap
approach applied to control charts for individual observations, with a Phase I sample X1, X», ..., X, yields
Fy "1-«a /2) as an estimate of the upper control limit. For the more general situation of control charts for
averages the bootstrap method is studied in Liu and Tang". Note that in Jones and Woodall”>! several control
charts based on the bootstrap are compared.

Kernel control charts

In Rosenblatt?? and Parzen”’ kernel estimators of the density function f are defined as

i=1 h h

k .
fw(x)Z%le(x_Xl>, —00 < X <00

where the kernel w is non-negative such that ffooo w(x) dx = 1, and where the bandwidth 4 is positive and
small. Consequently, with W (x) = [’ f o W(¥) dy the distribution function corresponding to the density w,

k

A 1 — X;
Fw(x)=ZZW<x A l), —00 <X <00

is a kernel estimator of the distribution function F. As in Reiss’* a smooth alternative to the conventional sample
quantile function may be defined by
Xi
>qg¢, O<g<l1
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The choice of the bandwidth /4 is more important than the choice of the kernel w. A relatively large value of
h gives too much smoothness, and a relatively small value of & gives big fluctuations. Several choices of the
kernel are possible, e.g. the Gaussian kernel and the so-called Epanechnikov kernel, i.e.

S (1-E) . <y
T ——, 1if|x| <
w(x) =1 4/5 5
0, if [x| > /5

In this paper we restrict attention to the Epanechnikov kernel because it gives better results than the Gaussian
kernel (cf. Ton'?).

In view of Azzalini>, the optimal choice of the bandwidth % is h = Ck~!/3, where C is a constant which
depends on o, the standard deviation of F. Azzalini did some numerical work using the Epanechnikov kernel,
and he concluded that good values for the constant C are between ¢ and 2o for a large number of distributions.
Based on an extensive simulation study we found that the best choice in our situation is C =2¢. Since o

is unknown, we estimate it by the sample standard deviation S; = \/ Zf:l (X; — )_(k)2 /(k — 1). Note, that
we could also use other estimators for o like the one based on the average of the moving ranges. So for the
Epanechnikov kernel (EK) the control limits are:

1 X—Xl'
(s ) =1 -]

i=1

1 x — X
> W(Zk—1/3S ) = “/2}

i=1

UCLEgk = inf {x

LCLgk = sup {x

Extreme-value theory control chart

Extreme-value theory yields another method to estimate the control limits of a Shewhart control chart. To the
best of our knowledge, Shewhart control charts based on this theory have not been considered before.
Define

1 m
M,Er) = Z(log X(k—j+1) —10g X(k—m))"
Jj=1

and

_ 1 &
M = —~ > “(log X(jy — log X(mt1))"
j=1

where the integer r takes the values r = 1, 2, and m is the number of upper respectively lower order statistics
used in the estimation of the control limits.

Extreme-value theory deals with the tail behaviour of distributions. These tails can be modelled by an
extreme-value distribution, which is determined by an extreme-value index y (cf. Dekkers et al.2%). If we do not
make any assumptions on y, we may use the moment estimator of it, defined by

MHy2)~
J7k=M,£1)+1—1:1—(M" ) }

2

Furthermore, the ¢-quantile of the distribution function F is estimated in Dekkers et al.’® as

(m/(kg))* — 1
Pk

A ~ A~ 1
FN =3 90 = X + (1 = (P A O X ey MV
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with 0 < ¢ < 1. Recall that x A y and x V y denote the minimum and maximum, respectively, of x and y.
Consequently, the upper control limit of the extreme-value theory control chart (EV) may be defined by

UCLey = F" (1= 53 )

In a similar way, the lower control limit may be taken to be

N (m/(ka/_znfk -1

_ — (1
= (1 = (e AO)X g1y ML

LCLEy = X(u+1)
with yi defined as

- 1
SR AR

Of course, the sequence m = m (k) has to be chosen appropriately in order to obtain good performance of
UCLEgy and LCLEgy. In the numerical evaluation of the extreme-value theory control chart we have considered
several values of m. We found that 5 Vv (k/500) is a reasonable choice.

SIMULATIONS

In order to study the performance of the control charts introduced in the section ‘Description of the control
charts’ we have conducted a simulation experiment, for some choices of the distribution function F and of the
Phase I sample size k. To describe our simulation procedure let us assume as above that we have a sample
X1, Xoy ooy Xie of size/& from a distribution function F. This training sample is used to estimate the LCL
and UCL by LCL and UCL, respectively. Note, that the process generating this training sample is in statistical
control. We do not study robustness properties, regarding moderately out-of-control situations during Phase I.
We denote by pr (X1, ..., Xk) the conditional probability given the training sample, that a new independent
random variable X from the same distribution F' exceeds this upper control limit or is below the lower control
limit, i.e.

(X1, ..., Xx) =P(X >UCLor X <LCL| X1, ..., Xx)

Given the training sample and hence the control limits, the run length RL of the resulting control chart is a
random variable with a geometric distribution with parameter py (X1, . .., Xx) and consequently with average
run length

ERL | Xy, ..., Xp) =1/pe(X1, ..., Xi)

Note that this is a conditional average run length and hence a random variable. Taking the expectation over the
training sample X1, ..., X; we get the unconditional average run length

ARL =E(RL) =E(ERL|X;, ..., X)) =B—
(X1, ..., Xi)

Since this expectation cannot be computed directly, we have simulated it by generating at each instance 10 000
training samples, by computing for each training sample (xy, . . ., xx) the average run length 1/pg (x1, . . ., xz),
and by averaging these average run lengths over the 10 000 training samples. In the same way it can be seen that

Copyright © 2003 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2003; 19:337-353
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the unconditional standard deviation of the average run length equals

SDRL = /Var(RL)

= E(Var(RL | X1, ..., X)) + Var(E(RRL | X1, ..., Xx))
1 . 1 . 1
=/kl————— ) - (E— M ) - E—————
Pe(X1, ..y Xi) pe(Xi, .oy Xi) Pe(X1, .oy Xk)
Moreover, we have simulated this SDRL by also computing for each training sample (1/px(x1, . . ., xx))%, by

averaging these squares over the 10000 training samples, and by substituting the appropriate averages into the
above formula for the SDRL.

To study the performance of the control chart in an out-of-control situation we have studied shifts in the
mean. We have considered shifts o with § ranging from 0.25 through 5 where o is the standard deviation of
the studied distribution. Of course, we also have considered § = 0 in order to study the in-control properties of
the control charts. Given the 10 000 training samples (x1, . . . , Xx), we have calculated for each shift the average
run length ARL and the standard deviation of the run length SDRL as described above.

This procedure of simulating the performance of control charts differs apparently from the one used by
e.g. Quesenberry!, where once the LCL and UCL have been obtained from the training sample, one realization
of the run length is again obtained by simulation. However, this second simulation step is not necessary, as we
have seen above, since the conditional average run length can be computed exactly. Of course, there is no point
in simulation when exact computation is possible.

In our simulations the false alarm rate « is chosen to be equal to 0.0027, since this value yields the traditional
30 limits in the classical Shewhart control chart. Consequently, if the variation of px (X1, ..., Xz) would have
been small the mean (ARL) and the standard deviation (SDRL) of the run length should both have been close
to 370 under § = 0.

The simulations have been done for six different choices of distribution function F, namely the normal,
Student’s ¢ with four degrees of freedom, uniform, exponential, Laplace, and logistic distribution and for sample
sizes k equal to 250, 500, 1000, 2500, 5000, and 10 000. The shift in the mean of size §o is done for 17 different
values of §, namely 0 (0.25) 3.5, 4, and 5.

The results of the simulations are presented for each distribution by means of two complementary figures
indicating the ARL and SDRL. Although we have simulated k at six different sample sizes, we present here the
results only for k = 1000 and under normal F also for k = 250. A complete survey of the simulation results may
be found in the master thesis of Vermaat (2003). The simulation results are valid for all values of o, because all
methods are scale invariant.

Under normality the control chart based on the average of the moving ranges has to perform closely to optimal.
This is confirmed by Figure 1, which also shows that the other control charts perform rather badly. Apparently,
the sample size k = 250 is too small for them. The behaviour of all four control charts under the non-normal
distributions is rather bad overall. The same conclusions hold for £ = 500. Note, that for these ‘small’ values of
k the EQ control chart has control limits equal to the smallest and largest observation. From k = 1000 onwards
the differences between the control charts become clearer. In Figure 2 we see that all control charts behave quite
similarly under normality.

In Figure 3 the results for a #4 distribution are given. Indeed, the AMR control chart generates a lot of false
alarms. The behaviour of the other three control charts is quite reasonable for the in-control situation. However,
few false alarms tend to create few real alarms under shifts.

In Figure 4 the results for uniform distributions are given. Only the EQ control chart has finite ARL and
SDRL. The other control charts are not even applicable when the underlying distribution is uniform.

Figure 5 presents the results for exponential distributions. We see, that the EQ control chart has a maximum
in the ARL around § = 0.25. This maximum is due to the fact that the EQ control chart estimates an LCL within
the support of the exponential distribution. If the process shifts towards the UCL when § increases, the LCL is
of course harder to violate and the UCL easier. Since the density of the exponential is larger near the LCL than
near the UCL, this causes the probability of an alarm to decrease and hence the ARL to increase for small §.
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Because the estimates of the LCL in the EK and the EV control charts typically fall outside the support of the
exponential distribution, these control charts do not show this phenomenon. The EK control chart and the EQ
control chart show almost identical performance for § > 0.25. Note, that the behaviour of the AMR control chart
for § = 0 is really bad.

In Figures 6 and 7 the results are given for Laplace and logistic distributions, respectively. We see again
that the AMR control chart performs very poorly for § = 0. The other control charts perform quite similarly.
Note, that although the shape of a logistic distribution is comparable with a normal distribution, the tails are
completely different.

For all studied distributions it holds that if the sample size increases the results of the EQ, the EK, and the
EV control charts get closer to each other. The EQ control chart is the only one which behaves reasonably for a
uniform distribution. The AMR control chart generates a lot of false alarms for non-normal distributions.

CONCLUSIONS

If the distribution function F is normal, then the AMR control chart based on the average of the moving
ranges behaves quite well, but under non-normal distributions its performance is extremely bad in the
in-control situation. Hence it is reasonable to consider other control charts based on e.g. non-parametric and
extreme-value theory.

The EQ control chart has the advantage that it is easy to compute and distribution-free in the in-control
situation. Simulations show that for a broad range of distributions we get almost the same results. When we
look to the control charts based on the EK and EV theory, respectively, we may conclude that their behaviour
is quite similar to that of the EQ control chart, except for the uniform distribution. The EQ control chart turns
out to be the best of all proposed control charts. It can be improved only partially for some specific situations,
e.g. when normality holds.

It should be noted that the non-parametric and the EV control charts need more than 500 and preferably at
least 1000 observations from Phase I in order to attain reasonable performance. Such a limitation is not present
for the AMR control chart, which may work well in some situations even for a training set of size much smaller
than 250, cf. Wheeler>.
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